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Abstrat
We use the mesosopi nonequilibrium thermodynamis theory to de-
rive the general kineti equation of a system in the presene of potential
barriers. The result is applied to the desription of the evolution of sys-
tems whose dynamis is inuened by entropi barriers. We analyze in
detail the ase of diusion in a domain of irregular geometry in whih the
presene of the boundaries indues an entropy barrier when approahing
the exat dynamis by a oarsening of the desription. The orresponding
kineti equation, named Fik-Jaobs equation, is obtained, and its valid-
ity is generalized through the formulation of a saling law for the diusion
oeient whih depends on the shape of the boundaries. The method we
propose an be useful to analyze the dynamis of systems at the nanosale
where the presene of entropy barriers is a ommon feature.
1 Introdution
The free energy landsape of a omplex system, when represented as a fun-
tion of an order parameter or reation oordinate, presents an intriate aspet
onsisting of multiple loal minima, dening metastable states, separated by
barriers. The nature of the barriers depends on whih thermodynami poten-
tial varies when passing from one well to the other and their presene plays an
important role in the dynamis of the system.Whereas energy barriers are more
frequent in problems of solid state physis, entropy barriers are often enoun-
tered in soft ondensed matter and biologial systems. These barriers may also
appear when oarsening the desription of a omplex system in order to simplify
its dynamis. The elimination of some oordinates an be performed by intro-
duing a ongurational entropy aounting for the degeneray (i.e. the number
of equivalent ongurations) of the state dened by the remaining oordinates.
This proedure has been used for instane in the ontext of glasses [1℄.
The study of the dynami properties of the system at the mesosopi level
requires the knowledge of the probability distribution funtion of the relevant
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degrees of freedom whih evolves aording to a kineti equation of the Fokker-
Plank type. This equation has been usually derived from kineti theory in the
diusion limit [2℄-[4℄, from a master equation [5℄, and from projetion operator
tehniques [6, 7℄.
Our purpose in this paper is to propose a new and simple theoretial frame-
work to analyze the mesosopi dynamis of systems in the presene of energeti
and entropi barriers. The proedure we follow is based on the appliation of
mesosopi nonequilibrium thermodynamis [8℄-[18℄, and has been previously
used to analyze transport and ativated proesses in systems governed by a dy-
namis of the Fokker-Plank type. The kineti equation follows after obtaining
the probability urrent, ourring in the orresponding ontinuity equation in
the onguration spae, from the entropy prodution aounting from dissipa-
tion in that spae related to the underlying diusion proess of the probability
density. That equation applies irrespetively of the nature of the equilibrium
state of the system. When the system is in ontat with a heat bath and its
volume remains unaltered, in whih ase the proper thermodynami potential is
the free energy, our equation desribes the dynamis in the presene of energeti
and entropi barriers. The validity of our method, however, goes beyond this
standard situation and embraes other ases of interest haraterized by other
thermodynami potentials and statistial ensembles.
The paper is distributed in the following way. In Setion II, we present
a general derivation of the kineti equation in the framework of mesosopi
nonequilibrium thermodynamis. That equation governs the evolution of the
probability density in the presene of barriers of any nature. In Setion III we
disuss an example in whih the presene of an entropi barrier manifests: dif-
fusion in a hannel of varying ross setion. The orresponding kineti equation
has been referred to as the Fik-Jaobs equation. Setion IV is devoted to the
derivation of that equation from mesosopi nonequilibrium thermodynamis
and to the formulation of a saling law for the diusion oeient whih is
ompared to previous results. In Setion V we extend the results of Setion IV
to the ase in whih an external eld ats on the diusing partile. Finally, in
Setion VI we present our main onlusions.
2 Kineti equations in the presene of potential
barriers
Our purpose in this setion is to present a general derivation of the kineti
equations desribing the evolution in time of the probability density when the
statis of the system is haraterized by a thermodynami potential landsape.
We onsider that the equilibrium state of the system is desribed by the
probability distribution funtion
Peq ∼ exp
(
−∆W(x)
kT
)
, (1)
where W(x) is the minimum reversible work required to hange the state of
the system [19℄, whih is related to the maximum useful work whih an be
extrated from it, sometimes referred to as available energy [20℄ or availability
[21℄; k is Boltzmann's onstant, T is the temperature of the medium and x an
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arbitrary set of oordinates whih may represent the veloity of a partile, the
orientation of a spin, the size of a maromoleule or whatever oordinate or
order parameter whose values denes the state of the system in a phase spae.
Variations of the minimum work for a thermodynami system are expressed as
∆W = ∆U − T∆S + p∆V − µ∆N + y∆Y + . . . , (2)
where U is the internal energy, S the entropy, V the volume, and N the number
of partiles of the system, whereas T , p, and µ are the temperature, pressure and
hemial potential of the environment. The term y∆Y represent other kinds of
work (eletri, magneti, surfae work...) performed on the system, being y the
intensive parameter and Y its onjugate extensive variable [22℄. For the ase
of onstant temperature, volume and number of partiles, the minimum work
orresponds to the Helmholtz free energy F . In general, that quantity redues to
the thermodynamis potentials by imposing to expression (2) the orresponding
onstraints [22℄ .
Having speied the statis of the system we will derive the kineti equation
desribing the evolution of the probability density. To this purpose, we will
use the framework of mesosopi nonequilibrium thermodynamis. This theory
applies the sheme of nonequilibrium thermodynamis to desribe the dynamis
of mesosopi degrees of freedom. The treatment of a diusion proess in the
framework of nonequilibrium thermodynamis is extended to the ase in whih
the relevant quantity is a probability density, dened in phase spae, instead of
a mass density. The starting point is then the formulation of the Gibbs equation
δS = −
1
T
∫
µ(x)δP (x, t)dx , (3)
whih resembles the orresponding law proposed in nonequilibrium thermody-
namis in terms of the mass density of partiles. Here µ(x) is a generalized
hemial potential whereas P (x, t) is the probability density.
This expression is ompatible with the Gibbs entropy
S(t) = −k
∫
P (x, t) ln
P (x, t)
Peq(x)
dx+ Seq , (4)
where Seq is the entropy when the system and the heat bath are at equilibrium.
Eetively, taking variations in Eq. (4) and using the expression of the hemial
potential per partile [9℄
µ(x) = kT ln
P (x, t)
Peq(x)
+ µeq , (5)
where µeq is the hemial potential at equilibrium, one arrives at expression (3).
From the Gibbs equation we an obtain the entropy prodution related to
the underlying diusion proess in x-spae. Calulating the time derivative of
the entropy from Eq. (4) one has
∂S
∂t
= −k
∫
ln
P
Peq
∂P
∂t
dx . (6)
Quite generally, we may assume that the probability density satises the onti-
nuity equation
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∂P
∂t
= −
∂
∂x
· J , (7)
where J(x, t) is a urrent dened in x-spae whih has to be determined. Sub-
stituting now the time derivative of Eq. (7) into Eq. (6) one obtains the entropy
prodution
σ = −k
∫
J(x, t) ·
∂
∂x
ln
P
Peq
dx . (8)
To arrive at Eq. (8) we have also performed a partial integration and assumed
that the urrent vanishes at the boundaries of the system in x-spae.
In the nonequilibrium thermodynamis sheme, the entropy prodution (8)
onsists of ontributions of produts between the urrent J(x, t) and its on-
jugated thermodynami fore −k ∂∂x ln
P
Peq
, for eah value of the oordinate x.
Assuming loality in x-spae, for whih only urrents and fores at the same
value of x are oupled, one obtains the linear law
J = −kL(x)
∂
∂x
ln
P
Peq
, (9)
in whih the phenomenologial oeient L(x) may in general depend on x.
The resulting kineti equation then follows by substituting Eq. (9) into the
ontinuity equation (7)
∂P
∂t
=
∂
∂x
·
(
DP
∂
∂x
ln
P
Peq
)
, (10)
where we have dened the diusion oeient
D(x) =
kL(x)
P
. (11)
This equation, whih in view of Eq. (1) an also be written as
∂P
∂t
=
∂
∂x
·
(
D
∂P
∂x
+
D
kT
∂∆W
∂x
P
)
, (12)
is the Fokker-Plank equation aounting for the evolution of the probability
density in x-spae.
Under the onditions for whih W = F = U − TS, this equation transforms
into the Fokker-Plank equation for a system in the presene of energy and
entropy barriers. One then obtains
∂P
∂t
=
∂
∂x
·
(
D
∂P
∂x
+
D
kT
∂∆U
∂x
P −
D
k
∂∆S
∂x
P
)
, (13)
where the drift term onsists of ontributions due to an external potential and
to variations of the entropy. When the barrier is purely energeti, only the
rst ontribution remains, and the previous equation redues to the well-known
Fokker-Plank equation
∂P
∂t
=
∂
∂x
·
(
D
∂P
∂x
+
D
kT
∂∆U
∂x
P
)
. (14)
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If the nature of the barrier is purely entropi, Eq. (13) then orresponds to the
Fik-Jaobs equation
∂P
∂t
=
∂
∂x
·
(
D
∂P
∂x
−
D
k
∂∆S
∂x
P
)
, (15)
rst derived in the ontext of diusion of Brownian partiles in a hannel of
non-onstant ross setion [23℄.
The general form of Eq. (12), in whih the equilibrium distribution funtion
does not need to be speied and is given in general by Eq. (1), makes that
result appliable to a great diversity of situations. For example, for a Brownian
partile, for whih the minimum work is simply its kineti energy, that equation
orrespond to the usual Fokker-Plank equation. When x is an order parameter
or a reation oordinate, Eq. (12) provides the kineti equation in the presene
of barriers. The method used in this setion then oers a ommon formalism
able to analyze the dynamis of a system in the presene of energy and entropy
barriers. In this paper, we will mainly fous our analysis to the ase in whih
the potential is stritly entropi.
3 Diusion through a hannel of varying ross
setion: the Fik-Jaobs equation
The inuene that the presene of an entropi barrier exerts on the dynamis of a
system an be illustrated by deriving the kineti equation governing Brownian
diusion through a hannel of varying ross-setion. This equation was rst
proposed by Jaobs [23℄ and subsequently rederived by Zwanzig [24℄ on the
basis of more fundamental arguments.
3.1 Jaobs' derivation
Jaobs in his book Diusion Proesses [23℄ provided an heuristi derivation of
the equation governing diusion in a symmetri tube whose ross setion A(x)
varies along the x axis, dened by the enter line of the tube. The argument
runs as follows.
Consider an elementary volume of thikness dx perpendiular to the axis of
the tube. The total amount of partiles in this slie, at x and time t is C(x, t)dx,
whih is the integral of the onentration over the volume A(x)dx. The rates
of entrane and exit of the diusing substane into this volume are given by
the Fik's law J = −D0
∂C/A
∂x , where D0 is the diusion oeient, and C/A
is the loal volume onentration. In this ase, both rates are dierent not
only beause the onentration gradient
∂C
∂x hanges with the distane, but also
due to the variation of the ross-setion of the hannel. Expliitly, the rate of
entrane into this elementary volume is −D0A
∂C/A
∂x , whereas the rate of exit
is given by −D0
(
A∂C/A∂x +
∂
∂x
(
A∂C/A∂x
)
dx+ ...
)
. The dierene between both
rates provides the rate of hange of the substane in the elementary volume,
whih an also be expressed as
∂C
∂t dx. Negleting quadrati terms in dx, one
easily arrives at the equation governing the diusion in the hannel
5
∂C
∂t
= D0
∂
∂x
(
A
∂
∂x
(
C
A
))
= D0
∂
∂x
(
∂C
∂x
−
1
A(x)
dA(x)
dx
C
)
(16)
whih is referred to as the Fik-Jaobs equation.
3.2 Zwanzig's derivation
Zwanzig reported in Ref. [24℄ a more general and rigorous derivation of the
Fik-Jaobs equation. For the sake of simpliity, let us review the 2D ase. The
method onsists of performing a redution in the number of oordinates from
the 2D Smoluhowski equation to a 1D desription.
The starting point is the two-dimensional Smoluhowski equation for diu-
sion through a general potential U(x, y)
∂c(x, y, t)
∂t
= D0
∂
∂x
e−βU(x,y)
∂
∂x
eβU(x,y)c(x, y, t) (17)
+D0
∂
∂y
e−βU(x,y)
∂
∂y
eβU(x,y)c(x, y, t) (18)
where β = 1/kT , and c(x, y, t) is the onentration. To perform the redution
to 1D, this equation is integrated over the variable y, leading to
∂C(x, t)
∂t
= D0
∂
∂x
∫
e−βU(x,y)
∂
∂x
eβU(x,y)c(x, y, t)dy (19)
where the redued onentration is dened as
C(x, t) =
∫
c(x, y, t)dy. (20)
The key point of the derivation is the assumption of equilibration in the
transverse diretion. Under this assumption, one an dene an averaged x-
dependent free energy F (x) through the expression
e−βF (x) =
∫
e−βU(x,y)dy (21)
from whih one an dene a normalized onditional probability distribution
ρ(x; y) =
e−βU(x,y)
e−βF (x)
. (22)
Then, under the loal equilibrium approximation, the onentration c(x, y, t)
fatorizes as follows
c(x, y, t) ∼= C(x, t)ρ(x; y) (23)
Taking these onsiderations into aount, one nally obtains
∂C(x, t)
∂t
∼=
∂
∂x
D0e
−βF (x) ∂
∂x
eβF (x)C(x, t) (24)
whih onstitutes the generalization of the Fik-Jaobs equation (16) to the ase
of a two dimensional potential U(x, y).
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In the previous analysis, we have not taken into aount the fat that the
normal ux must vanish at the boundaries. The role played by this zero normal
ux onditions, an be replaed by the onning potential U(x, y). In fat, if
U(x, y) is a box-like potential, i.e. zero inside the tube and innite outside, it is
lear that e−βF (x) = 2w(x), being w(x) the half width of the tube. In this ase,
the barrier is purely entropi, and one reovers the usual Fik-Jaobs equation.
The extension to the three-dimensional ase is quite straightforward by tak-
ing into aount that in that ase the integration in the transverse oordinates
involves variables y and z, and the width of the 2D tube must be replaed by
the transverse setion πw(x)2 .
Zwanzig's analysis learly manifests that the auray of the Fik-Jaobs
equation is onditioned to the existene of loal equilibrium in the transverse
diretion. The author analyzed the eet of the deviations from the loal equilib-
rium related to the variations of the density δc(x, y, t) ≡ c(x, y, t)−C(x, t)ρ(x; y).
He derived an equation for the evolution of this deviations, whih suggested that
the auray of the Fik-Jaobs equations is restrited to situations verifying
|w′(x)| < 1, that is, when the setion of the tube varies smoothly. In addition,
he showed that the range of validity of the one-dimensional Fik-Jaobs desrip-
tion ould be extended by introduing a position-dependent eetive diusion
oeient
DZ(x) = D0
1
1 + γw′(x)2
(25)
where D0 is the moleular diusion oeient and the parameter γ depends
on the dimensionality. The expliit expression for this oeient is obtained
through an expansion in powers of w′(x) [24℄. The result is
D(x) = D0(1− γw
′(x)2 + ...) (26)
where
γ =
∫
ν2e−βV (ν)dν∫
e−βV (ν)dν
, (27)
being ν the transverse oordinate saled by the funtion w(x) (i.e. ν = yw(x)
in 2D, and ν = rw(z) for a 3D tube of radius r with ylindrial symmetry),
and V (ν) = U(x, y). For a purely onning potential, the results obtained by
Zwanzig are γ = 1/3 for the 2D ase, and γ = 1/2 for a 3D tube with ylindrial
symmetry. From the expansion (26) he infers the expression (25) based merely
on the fat that this reonstrution of the series improves the agreement with
the exat results.
4 The Fik-Jaobs equation frommesosopi nonequi-
librium thermodynamis
For the ase of an enlosure of varying ross-setion, the onept of entropi
barrier is remarkably simple. At equilibrium, the density of diusing material
ρ0 is onstant. If we ontrat the 3D desription retaining the oordinate x, the
resulting 1D equilibrium distribution is
7
ρeq(x) =
∫
ρ0dydz = ρ0A(x) . (28)
In this ase, the diusing partile onstitute an isolated system. Therefore
its orresponding thermodynami potential obtained form Eq. (2) is simply
∆W = −T∆S, where the entropi barrier is, in aordane with Eq. (1),
∆S(x) = k lnA(x) . (29)
The previous equation learly manifests that the entropi barrier originates
from the variation of the spae available for the diusing partiles. Notie that
Eq. (29) orresponds to the usual miroanonial denition of the entropy in
terms of the number of states whih in this ase is simply proportional to the
area of the tube.
One identied the equilibrium distribution (or the entropi barrier), the ki-
neti equation desribing diusion in the presene of the entropi barrier follows
from our general sheme developed in Setion 2. Aording to Eq. (15), the
kineti equation is
∂P
∂t
=
∂
∂x
(
D(x)
∂P
∂x
−
D(x)
A(x)
∂A(x)
∂x
P
)
(30)
whih has the same struture as the Fik-Jaobs equation, but with a spatial
dependent diusion oeient.
At this point, it is worth to analyze the role played by this oeient. In Ref.
[24℄ it was shown that the validity of the 1D desription ould be extended if we
use an eetive spatial-dependent diusion oeient. However, the agreement
one an ahieve with the expression (25) proposed by Zwanzig is not always
satisfatory. In partiular, for the 3D example disussed in Ref. [24℄, results
for the urrent of partiles obtained by using the expression of the diusion
oeient (25) present severe disrepanies with the orresponding expression
oming from the exat result of the 3D Smoluhowski equation, when the setion
of the tube hanges abruptly.
The appearane of an entropi barrier originates from the redution of the
spae to a single oordinate. But this redution may also have impliations on
the form of the diusion oeient. The moleular diusion oeient in the
real spae, D0, gives information about the dispersion of the displaement. In
2D, we an estimate
D0 ∼
(∆r)2
t
=
∆x2
(
1 +
(
∆y
∆x
)2)
t
(31)
whih manifests that the diusion oeient involves the displaement in both
oordinates. One we have ontrated the y oordinate, the resulting eetive
diusion oeient only depends on the dispersion in the remaining x oordi-
nate, that is qualitatively Deff ∼
(∆x)2
t . Therefore, from Eq. (31) we an infer
the behaviour Deff ∼
D0(
1+(∆y∆x )
2
)
. Previous equation provides a hint about the
fat that the redution of oordinates may involve not only the appearane of
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an entropi barrier, but also a saling of the diusion oeient. Following this
heuristi reasoning, we will propose the saling law
Ds(x) = D0
1
(1 + y′(x)2)α
(32)
for the diusion oeient appearing in Eq. (30), where y′(x) = dydx , and y(x) =
w(x) denes the shape of the enlosure. The objetive is then to test if the use of
this expression is able to extend the range of validity of the 1D Fik-Jaob-type
desription.
The values of the saling exponents an be estimated from the alulations
performed in Ref. [24℄. We an expand our expression for the diusion oeient
Ds(x) in terms of w
′(x)2 and ompare the result with the one obtained by
Zwanzig (Eq. 26). From that omparison, one obtains that a reasonable hoie
of the saling exponents is α = 1/3 for the 2D ase and α = 1/2 for the ase of
a 3D tube.
In the remaining of this setion, we will test this result for the two ases
disussed in Ref. [24℄ whih admit an exat solution. We will see that the
agreement with the exat result, when we use our eetive diusion oeient
given by Eq. (32), is signiantly improved.
4.1 Eetive Diusion Coeient in a 2D periodi sym-
metri hannel
The rst ase under srutiny is the diusion in a 2D periodi hannel dened
by
x = u+ a cosh v sinu; y = v + a sinh v cosu (33)
where diusion ours in the region omprised between 0 < u < 2π and −V <
v < V . The parameter λ ≡ a coshV must be smaller than 1, to avoid double
valuation of the walls. Fig. 1 illustrates the shape of the tube for V = 0.5 and
a = 0.5.
At very long times, diusion in periodi hannels an be desribed through
an eetive diusion oeient D∗, aounting for the eets of passing through
many onstritions in the hannel. This eetive oeient an be evaluated as
[25℄
1
D∗
=
〈
1
D(x)w(x)
〉
〈w(x)〉 (34)
where 〈 〉 denotes average over one period of the potential.
For this partiular geometry, an exat expression for D∗ was derived in Ref.
[25℄ (
D∗
D0
)
exact
=
[
1 +
λ2
2
tanhV
V
]−1
(35)
and was ompared to the results obtained with the Fik-Jaobs equation using
a onstant diusion oeient D0, and with the position-dependent diusion
oeient DZ(x).
In Fig. 2 we have represented the results for D∗ obtained using the dierent
approahes mentioned above, plus the ones orresponding to our expression
9
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Figure 1: Shape of the two-dimensional periodi hannel dened parametrially
by Eq. (33), for V = 0.5 and a = 0.5.
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Figure 2: Eetive diusion oeient D∗ for the 2D hannel for V = 0.5 as a
funtion of the parameter a, using dierent expressions for the diusion oe-
ient. The inset is a zoom to illustrate the auray of the dierent approahes.
Ds(x). One an easily realize that the results obtained with the expression
of Ds(x) we propose improve the ones when using DZ(x) and onstitute an
exellent approximation of the exat result.
4.2 Steady-state ux through a 3D hyperboloidal one
The improvement of the results one an ahieve with Ds(x) is more remarkable
for the 3D example disussed in Ref. [24℄. In this ase, the shape of the tube
orresponds to a 3D hyperboloidal one as the one depited in Fig. 3. It an be
onveniently desribed by using oblate spheroidal oordinates (ξ, η, ϕ), related
to the ylindrial oordinates (r, z, ϕ) by
r2 = a2(ξ2 + 1)(1− η2), z = aξη (36)
In this oordinate system, ξ = 0 orresponds to the small hole and ξ = ∞ to
the far end of the tube; η = 1 is the z-axis, η = 0 is the (x,y)-plane, whereas
η = η0 orresponds to the surfae of the tube. Diusion then takes plae in the
region
10
Figure 3: 3D hyperboloidal one for a = 1, 0 < ξ < 5 and η0 = 0.5.
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Figure 4: Comparison of steady state uxes through an arbitrary hyperboloidal
one, against the value of η0.
0 < ξ <∞, η0 < η < 1, 0 < ϕ < 2π (37)
The steady-state 3D diusion equation an be solved by using the boundary
onditions: C = 0 for ξ = 0, C = C0 for ξ = ∞, and the ondition that the
normal ux vanishes at the walls η = η0. In this situation, the exat steady-state
ux through the exit hole ξ = 0 is [24℄
Jexact = 4Da(1− η0)C0 (38)
Alternatively, one an use the Fik-Jaobs equation derived in the previous
setion to alulate that ux, yielding
J = C0
[∫
∞
0
dz
1
D(z)A(z)
]
−1
(39)
The results are depited in Fig. 4, orresponding to the exat, the unmodied
Fik-Jaobs equation, in whih D(z) = D0 is a onstant, and to the hoies
DZ(z) and Ds(z).
From the examples we have disussed, it beomes lear that our proposal
of a saling law for the spatial-dependent diusion oeient leads to a better
agreement with the exat results.
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Figure 5: Shemati representation of the 2D tube in the presene of gravity.
5 Diusion in a hannel of varying ross-setion
under the inuene of a eld
In the previous setion, we have disussed the eet of entropi barriers in the
dynamis. The presene of that barriers is sometimes aompanied by energy
barriers. The theory we have developed admits a generalization to the ase
in whih both an entropi and an energeti barrier oexist. This will be the
purpose of this setion.
An illustrative example of that situation is the problem of diusion in a 2D
hannel of non-onstant ross-setion in the presene of gravity. The situation
is depited shematially in Fig. 5. If gravity is involved, the 2D equilibrium
distribution is given by the usual Boltzmann's fator
Peq(x, y) ∼ e
−mgy
kT
(40)
Considering the normalization ondition
1 =
∫
Peq(x, y)dxdy =
∫
Peq(x)dx (41)
and using the expression (40), one an identify the redued 1D equilibrium
distribution as
Peq(x) ∼
∫ y2(x)
y1(x)
dy exp
(
−mgy
kT
)
=
kT
mg
exp
(
−mgy1(x)
kT
)(
1− exp
(
−2mgw(x)
kT
))
(42)
where y1(x) and y2(x) dene the boundaries of the hannel and 2w(x) = y2(x)−
y1(x) is its width. The dynami equation then follows after introduing Peq(x)
in Eq. (10), yielding
∂P
∂t
=
∂
∂x
(
D(x)
∂P
∂x
+
D(x)mg
kT
y′1(x) coth
(
mgw(x)
kT
)
P
)
(43)
for the ase of a symmetri hannel for whih y2(x) = −y1(x).
From the previous expressions one an distinguish dierent limiting ases:
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1. In the limit ǫ ≡ mgw(x)kT ≪ 1, we an expand the redued equilibrium
distribution (42) in terms of ǫ
Peq(x) ∼
kT
mg
(1 +O(ǫ))
(
1− 1 +
2mgw(x)
kT
+O(ǫ2)
)
∼ 2w(x), (44)
reovering the ase of purely entropi barrier disussed in the previous
setion. Eq. (43) redues then to the Fik-Jaobs equation (30).
2. For the ase ǫ ≫ 1, gravity dominates, coth ǫ → 1, and we reover the
dynamis for diusion along a 1D purely energeti barrier.
∂P
∂t
=
∂
∂x
(
D(x)
∂P
∂x
+
D(x)mg
kT
y′1(x)P
)
(45)
3. If the boundaries are at, that is y1(x) = −y2(x) = cte, the equilibrium
distribution Peq(x) is then onstant, and the dynamis an be properly
desribed by the 1D Smoluhowski equation.
∂P
∂t
=
∂
∂x
(
D(x)
∂P
∂x
)
(46)
The evolution of this onned system in the presene of gravity ditated by Eq.
(43) presents some peuliarities. On one hand, sine the energy barrier depends
on the oordinate we have eliminated, there exists a oupling between entropy
and energy barriers and not a mere superposition of the drifts related to eah of
them, whih is reeted by the presene of the term coth
(
mgw(x)
kT
)
in the drift of
Eq. (43). On the other hand, it is important to highlight that Eq. (43) does not
satisfy the detailed balane ondition: the mobility b ≡ D(x)kT coth
(
mgw(x)
kT
)
and
the diusion D(x) are not related through the usual Einstein relation D(x) =
kT b. That is the signature that the utuation-dissipation theorem, whih holds
at equilibrium, may lose its validity when we perform a redution of the variables
desribing the state of the system.
Conerning the eetive diusion oeient, a saling law as the one pro-
posed through Eq. (32), whih is valid in absene of external fores, will be in
general not orret when an external eld is present. The value of the saling
exponent α varies in the presene of external potentials, sine the saling ex-
ponents hanges due to interations. The range of validity of the Fik-Jaobs
desription and the modiations in the saling of the eetive diusion oe-
ient under the presene of external elds requires a more elaborated treatment.
6 Conlusions
In this paper we have presented a theory to desribe the kinetis of a system
whose equilibrium state is haraterized by a given landsape of an unspeied
thermodynami potential. The theory is based on mesosopi non-equilibrium
thermodynamis, whih uses the sheme of nonequilibrium thermodynamis [9℄
at the mesosopi level of desription in whih the pertinent elds are probability
densities.
13
Partiularly, we have established the kineti equation for a system in the
presene of entropy barriers. The barriers may be inherent to the intimate
struture of the system or may emerge as a onsequene of the elimination pro-
edure of some oordinates when one tries to simplify its dynami desription.
An illustrative example treated in the literature is the diusion of a partile
in an region of irregular geometry. The governing equation for the probability
density is known as the Fik-Jaobs equation and has been derived heuristially
by Jaob [23℄ and diretly from the proper oordinate redution proedure by
Zwanzig [24℄. In our derivation, the entropi barrier diretly omes out from
Boltzmann's entropy, whih follows from the proper aounting of the number
of aessible states of the system. In the kineti equation we have obtained,
the dependeny of the diusion oeient on the oordinate follows from the
general dependeny of the Onsager transport oeients on the state variable,
aording to the rules of nonequilibrium thermodynamis. This dependeny
beomes ruial in order to the redued desription aurately resembles the
exat solution. We have proposed a saling law for the diusion oeient
reahing a very good agreement with the exat solution even in the ase when
the original Fik-Jaobs equation does not provide a good approximation. In
this way, we have put the validity of a Fik-Jaob-like desription in a more
general ontext.
The theory we have proposed an also be applied to ases in whih an energy
barrier is also present. We have obtained the orresponding Fokker-Plank
equation desribing its dynamis. Interesting harateristis of this equation are
the oupling of the entropy and energy barriers and the apparent violation of the
Flutuation Dissipation Theorem, resulting from the elimination of variables.
The theory we have presented is appliable to a wide variety of systems of
dierent nature. Apart from the diusion problem in the presene of an en-
tropi barrier we have disussed in this paper, we an quote protein folding [26℄,
glassy systems [27℄, transport of ions [28℄ and maromoleules [29℄-[32℄ through
membranes or hannels, motion of polymers subjeted to rigid onstraints [33℄,
protein binding kinetis [34, 35℄, drug release [36℄, nuleation [37℄ or polymer
rystallization [38℄, to mention just a few examples in whih the presene of
entropi barriers beomes relevant.
There still remain open questions whose answers goes beyond the sope of
this paper. The main pitfalls arise from the oordinate redution proedure.
The question is how to proeed with the oarsening in more omplex situations.
For instane, it will be desirable to analyze the eet of the asymmetries either
intrinsi to the nature of the landsape or due to the presene of external fores
whih impose a preferred diretion, whih ours in many situations of pratial
interest. Another interesting point will be to analyze the behaviour when the
slope diverges, giving rise to regions in whih the partile may beome trapped
thus breaking the ergodiity of the system. The solutions to these problems
probably demand a more elaborated analysis of the saling of the diusion
oeient whih takes into aount these eets.
Just proeeding systematially along the lines we have established by means
of our theory one ould arrive at a more omplete theoretial framework pro-
viding the dynami desription of systems exhibiting entropi barriers.
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